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We investigate the effects of periodic fields and disorder on topological properties of a Weyl-
semimetal thin film. The two periodic fields, i.e., a periodic magnetic field and elliptically polarized
light, are discussed respectively. By use of the Floquet theory, we find that both the two periodic
drives can resonantly induce the topological transitions from normal insulator (NI) phases to Flo-
quet topological insulator (FTI) phases. The Floquet topological transitions are characterized by
variation of Chern number. Moreover, we show that the Floquet topological transitions can be ex-
plained by a combination of the quantum well approximation and the rotating wave approximation.
In the disordered Weyl-semimetal thin film model under periodic fields, we calculate the Bott index
to characterize topological phase. It is found that the FTI phase is robust against weak disorder,
and collapses for strong disorder strength. Interestingly, we find that disorder can also induce a
topological transition from a topological trivial phase to an FTI phase, establishing the Floquet
topological Anderson insulator (FTAI) phase. Finally, an effective-medium theory based on the
Born approximation further confirms the numerical conclusions.
I. INTRODUCTION
In the last decade, topological phases have attracted
an enormous amount of attention in condensed matter
community1,2. A typical example is the quantum anoma-
lous Hall insulator (QAHI), which is interesting as it
has topologically protected chiral edge states in the bulk
band gap, and supports the quantum Hall effect with-
out Landau levels3,4. Due to its topologically nontrivial
properties and enormous potential applications for de-
signing novel spintronics devices, there have been tremen-
dous developments and interests in searching for a robust
QAHI. The QAHI was first proposed by Haldane in a
hexagonal lattice model with a periodic flux5. Subse-
quently, the QAHI was also predicted in several related
systems, such as disorder-induced Anderson insulators6,
Rashba spin-orbit coupled lattices7,8, optical lattices9,10,
and magnetic topological insulators11–14. In the mean-
time, significant progresses have been achieved in exper-
iments. The QAHI has been observed experimentally in
magnetically doped topological insulators15,16.
Time-periodic drive provides a new method to control
electronic states, and can even achieve topologically non-
trivial phases in topologically trivial systems17–20. The
topologically nontrivial phase induced by time-periodic
drive is referred to as Floquet topological insulator (FTI)
phase, which has also been proposed in various sys-
tems, including periodically driven semiconductors21,22,
Rashba nanowires23,24, graphenelike systems25–28 and
other two-dimensional (2D) systems29. Comparing with
its solid-state counterpart, the FTI phase in the con-
text of artificial time-periodic systems, is more easily
achievable. For example, the Haldane model has been
realized in a periodically modulated optical honeycomb
lattice by use of ultra-cold fermionic atoms30, and an
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optical system composed of an array of evanescently
coupled helical waveguides with the propagation coor-
dinate z playing the role of time31. In addition, the
Floquet topological phases in three-dimensional materi-
als, such as three-dimensional topological insulators32,33,
Weyl semimetals34, Dirac semimetals35–37, and line-node
semimetals38–42, have been studied extensively.
In time-independent system, disorder-induced topolog-
ical phase, referred to as topological Anderson insulator
(TAI), has been well studied in a variety of systems43–53.
In the Born approximation, the phase transition can
be explained that disorder renormalizes the topologi-
cal mass which determines the topological phase of the
system54. Very recently, the observation of a TAI in
one-dimensional disordered atomic wires has been re-
ported experimentally55. Interestingly, in time-periodic
systems, it is also reported that disorder can renormalize
either the system parameters or the form of the time-
periodic drives, then inducing the phase transitions from
the normal insulator (NI) to the Floquet topological An-
derson insulator (FTAI)56–64. Furthermore, owing to the
rapid development of topological photonics65, the FTAI
has been observed experimentally in a photonic platform
recently66.
Weyl semimetals, a newly discovered class of gap-
less topological phases, are characterized by linearly dis-
persive band-touching points called Weyl nodes67, and
exhibit exotic transport properties such as the chiral
anomaly induced negative magnetoresistance68–70 and
the Weyl orbit physics71–74. Owing to the quantum con-
finement effect, the spectrum of a Weyl-semimetal thin
film will split into subbands and an energy gap is opened
at the Weyl nodes75–77. The system becomes a quasi-
2D NI when the film is thin enough. In this paper, we
adopt the Floquet theory to investigate the effects of a
periodic magnetic field and an elliptically polarized light
on a Weyl-semimetal thin film. It is found that both
the two periodic drives can resonantly induce the exotic
FTI phases. While the Chern number characterizing the
2FTI phase depends on the driving type, frequency and
amplitude, which can be understood by a combination
of quantum well approximation and the rotating wave
approximation. Then we focus on the effects of disor-
der on the periodically driven systems. In the disordered
Weyl-semimetal thin film model under periodic fields, by
computing the Bott index, we find that disorder can in-
duce a topological transition from a topologically trivial
phase to an FTAI phase. The numerical results are con-
firmed by an effective-medium theory based on the Born
approximation.
This paper is organized as follows: In Sec. II, we first
introduce a Hamiltonian describing a Weyl-semimetal
thin film, the quantum well approximation, and the Flo-
quet theory. Then, we study the effects of a periodic
magnetic field and an elliptically polarized light on a
Weyl-semimetal thin film, respectively, in Sec. III. Next,
we focus on the effect of disorder in a periodically driven
system in Sec. IV. Finally, a brief summary is presented
in Sec. V.
II. MODEL
A. Weyl-semimetal thin film
Our starting point is a simple two-band tight-binding
model describing a Weyl semimetal discretized on a cubic
lattice, which is given by the following Hamiltonian78,
H0 (k) = (mz − tz coskz)σz +m0 (2− coskx − cos ky)σz
+ txσx sin kx + tyσy sin ky, (1)
where ti(i = x, y, z), mz, and m0 are the model pa-
rameters. σi are Pauli matrices representing spin. This
model breaks the time-reversal symmetry, and can be
regarded as a layered 2D QAHI coupled to its neigh-
boring layers by the spin dependent tunneling tz. In
the following calculations, we take the unity lattice con-
stant a = 1 and fix tx = ty = tz = t, m0/t = 1, and
mz/t = 0.8. The condition |mz/m0| < tz/m0 guar-
antees that the system depicts a Weyl semimetal phase
hosting a pair of Weyl nodes locating at
(
0, 0,±k0z
)
with
k0z = arccos (mz/tz)
78–80.
We would like to consider a Weyl-semimetal thin film
configuration, with confinement along z direction and
thin-film thickness Lz(= nza). As a direct consequence
of quantum confinement effect75,76, the bulk spectrum of
the quasi-2D Hamiltonian H0
(
k‖, nz
)
will be quantized
into discrete subbands along z direction. In Fig. 1(a),
the confinement induced band gap ∆E/t and the total
Chern number C of the bands below the band gap are
plotted as functions of the thin-film thickness Lz. It is
found that the band gap oscillatingly decays with the in-
creasing of nz, accompanied by the variation of Chern
number at each dip.
By expanding H0 (k) at k = (0, 0, 0) and using
quantum well approximation75,76, this phenomenon can
 
FIG. 1. (Color online) (a) The Chern number (the green
square line) and the confinement-induced energy gap (the red
circle line) as functions of the thin-film thickness Lz. (b)
and (c) are band structures for Weyl-semimetal thin film with
open boundary conditions in the y and z directions and peri-
odic boundary condition in the x direction. The system size
is chosen as Ly = 100a, and the thin-film thickness is set as
Lz = 3a in (b) and Lz = 5a in (c). The black lines are the
bulk states, and the red lines correspond to the chiral edge
states on the side surfaces.
be well explained through the effective Hamiltonian
Heff
(
k‖, n
)
for each subband n (= 1, 2, · · · , nz), which
takes the form
Heff
(
k‖, n
)
= dn · σ, (2)
where dn =
(
txkx, tyky,Mn −m0k
2
‖/2
)
, σ = (σx, σy, σz)
and Mn = mz − tz
[
1− (nπ/Lz)
2 /2
]
is the mass term
determining the topological properties of these subbands.
For each subband n, the above effective Hamiltonian is
equivalent to a single 2×2 block of the Bernevig-Hughes-
Zhang (BHZ) model81 Hamiltonian describing the 2D
topological insulator, and its Chern number is defined
as Cneff = [sign(Mn) + sign(m0)] /2
82. Therefore, the to-
tal Chern number of the effective Hamiltonians is given
by Ceff =
∑
n C
n
eff, which is obviously determined by the
thin-film thickness Lz.
In general, for a system with an open boundary con-
dition, Chern number C characterizes the number of the
edge states. When the film is thin enough (nz ≤ 3), such
that all the subbands are topologically trivial, the system
3is insulating and topologically trivial indicated by the
Chern number C = 0 [Fig. 1(b)]. On changing the thin-
film thickness, the conduction and valence bands cross,
it is possible to tune the model from a topologically triv-
ial phase to a topologically nontrivial phase (i.e., QAHI
phase), with the emergence of a pair of chiral edge states
characterized by a nonzero Chern number C = 1 (e.g.
nz = 5) [Fig. 1(c)]. As nz further increases, more pairs
of chiral edge states would appear in the band gap of
the system, characterized by higher Chern numbers with
C = 2, 3, · · · .
B. Floquet Hamiltonian
Now we introduce the Floquet theory56 for a time-
periodic Hamiltonian, H (t) = H (t+ T ) with the pe-
riod T = 2π/Ω, and Ω is the frequency. By employ-
ing the Floquet theory, the wave function of the time-
periodic Schro¨dinger equation i∂tΨ(t) = H (t)Ψ (t), has
the form Ψ (t) =
∑
m ψme
−i(ǫ+mΩ)t, where ǫ is called the
quasienergy and the summation over m takes all inte-
ger values. After a Fourier series expansion, it is found
that solving the time-periodic Schro¨dinger equation is
actually equivalent to solving an eigenvalue problem of a
static system,
∑
mH
F
nmψm = ǫψn, where
HFnm = nΩδnm +
1
T
∫ T
0
dtH (t) eiΩ(n−m)t, (3)
is a block Hamiltonian of the Floquet state. n and m
are integers ranging from −∞ to∞, but we only need to
truncate the Hamiltonian HF into finite dimensions with
−nF < m,n < nF in numerical calculation, where nF
is determined by use of convergence tests. Moreover, if
Ψ (t) is an eigenvector with quasienergy ǫ, then einΩtΨ(t)
should also be an eigenvector of the system, but with a
quasienergy ǫ+nΩ. Therefore, all the Floquet states can
be restricted in a quasienergy scale of Ω, which is the
so-called Floquet zone.
In the subsequent content, we will restrict our atten-
tion to the resonant Floquet zone ranging from 0 < ǫ <
Ω, where the conduction and valence bands resonantly
couple with each other. To explain this, as shown in Fig.
2(a), we plot the quasienergies of a Floquet Hamiltonian
HF, where we only consider the diagonal blocks and set
the off-diagonal blocks to be zero. Actually, each diago-
nal block is just a copy of the original block HF00, shifting
in energy by nΩ. When the driving frequency satisfies
max [∆E ,W/2] < Ω < W , where ∆E and W are the
values of the band-gap and band-width of the original
block, the conduction and valence bands would mix with
each other through a resonance. The off-diagonal blocks,
representing transitions between the diagonal blocks via
photons absorption or emission processes, will hybridize
the resonant quasienergies and gap them out [Fig. 2(b)].
Next, we will show a Floquet topological phase can be
induced by a periodically driven field, even if the system
is in a topologically trivial phase (i.e., nz = 3).
FIG. 2. (Color online) (a) Schematic illustrations of the band
spectrum obtained from the diagonal blocks of the Floquet
Hamiltonian HF. The black and red lines correspond to the
spectrum of the undriven and resonant blocks, and they cross
with each other at EF/t = Ω/2 (the blue dashed line). (b)
The energy spectrum of the full Floquet Hamiltonian. The
off-diagonal blocks of HF hybridize the quasienergies shown
in (a) and gap them out. Here, the thin-film thickness is set
as Lz = 3a, and ky = 0.
III. PERIODIC DRIVE
The time-periodic part Hamiltonian, H (t), can be ex-
perimentally induced either from a periodic magnetic
field, or elliptically polarized light21,56. In this section,
we will investigate them separately.
A. Periodic magnetic field
The time-dependent Hamiltonian can be introduced
through a periodic Zeeman coupling term in the presence
of a periodically modulated magnetic field as
HZee (t) = H0
(
k‖, nz
)
+ Inz ⊗V · σ cos (Ωt) , (4)
where V = (Vx, Vy, Vz). In experiments, the periodic
Zeeman field can be realized by a microwave-terahertz
(THz) oscillating magnetic field21,83,84. By use of the
previous results in Eq. 3, the time-periodic Hamiltonian
HZee (t), describing a Weyl-semimetal thin film with a
periodic Zeeman coupling effect, can be explicitly repre-
sented in Floquet matrix form HFZee.
To characterize the system, through the numerical
method proposed by Fukui et al85, we calculate the corre-
sponding Chern number of the bands under the resonant
energy EF = Ω/2 for H
F
Zee with a truncation of the Flo-
quet matrix for nF = 3. We will first study the phase
diagram of the system with Vx = Vy = 0. As shown in
Fig. 3(a), we plot the Chern number as functions of the z-
direction Zeeman field amplitude Vz and the driving fre-
quency Ω. When the frequency Ω is higher than the band
width W/t = 11, it is found that the conduction bands
and the resonant valence bands are well separated, and
the corresponding Chern number is zero. However, when
the frequency gets lower, the lowest resonant valence sub-
4band touches with the highest conduction subband, re-
sulting in a band inversion and opening a topologically
nontrivial gap with the Chern number C = 1. Further de-
creasing Ω, more resonant valence subbands would grad-
ually cross with the conduction subbands, giving rise to
higher Chern numbers C = 2 and C = 3. When the fre-
quency is lower than the band width of the conduction
subbands (W/2t ≈ 5.5), due to the multiple folding of
the Floquet bands with many band touchings, the phase
diagram becomes quite complicated, where we will not
concentrate in this paper29. Thus, we show that the non-
trivial FTI can be induced even in a topologically trivial
phase of Weyl-semimetal thin film. In addition, numer-
ical results show that a weak periodic Zeeman field can
gap out the Weyl-semimetal thin film, and the non-trivial
FTI phase can be induced by a weak periodic magnetic
field. Therefore, in order to simplify numerical calcula-
tions, one omits the orbital effect of a periodic magnetic
field, which does not change the results qualitatively.
To examine our results, we plot the energy band spec-
tra for the Weyl-semimetal thin film under open bound-
ary conditions along y and z directions with different fre-
quencies in Figs. 3(c) and 3(d), which correspond to the
points A and B in Fig. 3(a). For the case of Ω/t = 11.5
in Fig. 3(c), the conduction bands are well separated
with the resonant valence bands, and the gap is topo-
logically trivial. For the case of Ω/t = 10 in Fig. 3(d),
the conduction bands hybridize with the resonant valence
bands, and the gapless topological edge states connect-
ing the conduction bands and the resonant valence bands
can be easily distinguished. For a lower frequency, more
pairs of chiral edge states will arise in the resonant gap.
Therefore, the appearance of the chiral edge states fur-
ther confirms the nontrivial topology of the driven sys-
tem. It should be mentioned that the precise corre-
spondence between the Chern number and the number
of the edge states does not always work in 2D Floquet
systems86, but we find that the Chern number is still
valid to characterize the Floquet topological phase in the
Weyl-semimetal thin-film model by checking the bulk-
edge correspondence.
Now we introduce Vx to the present model, and the
phase diagram is shown in Fig. 3(b) with Vz/t = 1 and
Vy/t = 0. The results show that a nonzero Vx tends to
destroy the topologically nontrivial phase induced by Vz
in the resonant region max [∆E ,W/2] < Ω < W . More-
over, it is found that Vx and Vy play the same role in
modulating the phase diagrams.
We have mentioned in Sec. II A that a Weyl-
semimetal thin film can be regarded as a superposi-
tion of several BHZ models. By combining the quan-
tum well approximation75,76 and the rotating wave
approximation21,56, the band topology in the resonantly
driven Weyl-semimetal thin film can also be understood
by a superposition of several effective Hamiltonians with
HFeff
(
k‖, n
)
=
Ω
2
I2 +
(
|dn| −
Ω
2
)
dˆn · σ +
1
2
Tn · σ, (5)
FIG. 3. (Color online) (a) and (b) are phase diagrams for the
periodic magnetic field driven Weyl-semimetal thin film in the
(Ω/t, Vz/t) plane with Vx/t = Vy/t = 0, and the (Ω/t, Vx/t)
plane with Vz/t = 1 and Vy/t = 0, respectively. The color
map corresponds to value of the Chern number. The region
which lies between the white dashed lines corresponds to res-
onant region satisfying max [∆E,W/2] < Ω < W . (c) and
(d) are the quasienergy spectra of the Floquet Hamiltonian
with Vz/t = 1 and Vx/t = Vy/t = 0, which correspond to the
point A (Ω/t = 11.5) and point B (Ω/t = 10) labeled in (a),
respectively. The black lines are the bulk states, and the red
lines correspond to the chiral edge states.
where
Tn = V −
(
V · dˆn
)
dˆn,
and dˆn = dn/ |dn| is a unit vector. For a nonzero Zeeman
field, it is found that each effective Hamiltonian opens a
gap at the resonant energy, EFeff = Ω/2. For Vx/t =
Vy/t = 0 and Vz/t 6= 0, the inverted gap is found to be
topologically nontrivial with the Chern number CFeff = 1,
while for Vz/t = 0 and Vx/t, Vy/t 6= 0, the gap is found
to be trivial with CFeff = 0. Therefore, the topological
properties of the system depend on the competition effect
of Vz and Vx (Vy).
B. Elliptically polarized light
The time-dependent Hamiltonian can also be intro-
duced by normally illuminating with elliptically polar-
ized light described by a time-varying gauge field A (t) =
(Ax sinΩt, Ay cosΩt), where Ax and Ay determine the el-
lipticity of the incident light. Elliptically polarized light
turns into circularly polarized light when Ax = Ay, and
linearly polarized light when Ax = 0 or Ay = 0. By use
of the Peierls substitution, the time-dependent Hamilto-
5nian is obtained as
HLig (t) = H0
(
k‖ −A (t) , nz
)
. (6)
We will first consider linearly polarized light, i.e., Ay =
0. Using the same method in Sec. III A, we obtain the
phase diagram for the Chern number as a function of the
light frequency Ω/t and the x-direction light amplitude
Axa in Fig. 4(a). The results are similar to the previous
case that the system is subjected to a periodic magnetic
field, in which various Floquet topological phases appear
in the resonant frequency. But there are still differences
in the two cases. In the resonant region, the Chern num-
ber takes positive integers C = 1, 2, · · · , nz for the case
of a periodic magnetic field, while it takes even num-
bers C = 0, 2, 4, · · · , 2nz for the case of linearly polarized
light.
The band spectra under open boundary conditions
along y and z directions are shown in Figs. 4(c) and 4(d),
which correspond to the points D and E in Fig. 4(a),
with the frequencies Ω/t = 10 and Ω/t = 8, respectively.
For the case of Ω/t = 10, in which the conduction sub-
bands hybridize with the resonant valence subbands, the
system is still insulating with a topologically trivial gap
characterized by the Chern number C = 0 [Fig. 4(c)].
This is different from the case under a periodic magnetic
field, that the FTI phase with nonzero Chern number
C = 1, occurs immediately when these subbands hy-
bridize [Fig. 3(d)]. For a lower frequency Ω/t = 8 shown
in Fig. 4(d), there are two pair of chiral edge states, cor-
responding to the Chern number C = 2.
We also plot the phase diagram for the system illu-
minated by elliptically polarized light with Ax = 1 in
Fig. 4(b). The results show that the ellipticity of the po-
larized light can obviously influence the topological prop-
erties of the system. For circularly polarized light with
Ax = Ay, depending on the frequency, the Chern number
of the system can only be C = 0 or C = 4.
By use of the rotating wave approximation, the effec-
tive Hamiltonian describing the Weyl-semimetal thin film
under elliptically polarized light has the same form as the
Hamiltonian (5), except that Tn is given by
Tn =T
R
n (− cos θn cosφn,− cos θn sinφn, sin θn)
+ T In (− sinφn, cosφn, 0) , (7)
where
TRn =
txAx
2
sinφn cos kx +
tyAy
2
cos θn sinφn cos ky
+
m0Ay
2
sin θn sin ky,
T In =−
txAx
2
cos θn cosφn cos kx −
tyAy
2
cosφn cos ky
−
m0Ax
2
sin θn sin kx,
and we have used the spherical coordinate, dn =
|dn| (sin θn cosφn, sin θn sinφn, cos θn).
FIG. 4. (Color online) (a) and (b) are phase diagrams for
the polarized light driven Weyl-semimetal thin film in the
(Ω/t, Axa) plane with Aya = 0, and the (Ω/t, Aya) plane
with Axa = 1, respectively. The color map corresponds to
value of the Chern number. The region which lies between the
white dashed lines corresponds to resonant region satisfying
max [∆E,W/2] < Ω < W . (c) and (d) are the quasienergy
spectra of the Floquet Hamiltonian with Axa = 1 and Aya =
0, which correspond to the point D (Ω/t = 10) and point E
(Ω/t = 8) labeled in (a), respectively. The black lines are the
bulk states, and the red lines correspond to the chiral edge
states.
For each effective Hamiltonian, the inclusion of light
also opens a resonant gap at EFeff = Ω/2. For linearly
polarized light, the Chern number CFeff of the inverted
bands under the resonant gap is 2, while for circularly
polarized light, the Chern number is found to be 0. Thus,
the ellipticity of the incident polarized light influences the
topological phase of the driven system.
IV. DISORDER
Generally, in a QAHI the Chern number C always con-
nects with the Hall conductance whose value is quan-
tized as σxy = Ce
2/h87,88. However, recent studies have
shown the Hall response might be different for Floquet
systems89,90. For example, the Hall conductance in the
Floquet state of a circularly polarized light irradiated
graphene deviates from integer values at some Floquet
topological transitions89. Remarkably, this suppressed
conductance can be dramatically enhanced by disorder,
which means disorder may play an important role in the
FTI system.
In this section, we discuss the effect of disorder on
the Floquet topological phases induced by a periodic
magnetic field and elliptically polarized light by com-
puting the Bott index and using the Born Approxima-
6tion. We will introduce the on-site disorder through ran-
dom on-site energy with a uniform distribution within
[−U/2, U/2], where ±U/2 define the largest and smallest
disorder amplitude on one site.
A. Bott index
We will use the Bott index91 to characterize the dis-
ordered time-periodically driven system. For a time-
independent Hamiltonian with disorder, the Bott index
is equivalent to the real space Chern number, which
determines the Hall conductivity of the system92. Re-
cently, the Bott index is generalized to obtain the Chern
number of a disordered periodically driven system, by
adopting a truncated Floquet Hamiltonian HF defined
on real space with periodic boundary conditions86. Con-
sidering two diagonal matrices Xi,i = xi and Yi,i = yi,
where (xi, yi) are coordinates of the i-th lattice, one can
obtain the two unitary matrices UX = exp (i2πX/Lx)
and UY = exp (i2πY/Ly), where Lx and Ly are the
system size. Using the eigenstates of the bands be-
low the resonant gap, one obtains the projector P , and
the projected unitary matrices with U˜X,Y = PUX,Y P .
For every random disorder configuration, the Bott index
CFb = (1/2π)Im
[
Tr
(
lnU˜Y U˜X U˜
†
Y U˜
†
X
)]
is an integer, and
the averaged Bott index is computed by averaging various
disorder configurations until it converges. In this section,
we take the truncation of the Floquet matrix for nF = 2,
as the calculation for the Bott index is computationally
very demanding. Moreover, we find that the real space
Bott index obtained in the clean limit is in accordance
with the k-space Chern number obtained previously.
Firstly, we consider the case of the system driven by
a periodic magnetic field, and plot the Bott index ver-
sus the disorder strength U in Figs. 5(a) and 5(b), which
correspond to points B and C in Figs. 3(a) and 3(b).
When the system is in the topologically nontrivial regime
[Fig. 5(a)], the Bott index is quantized to be 1 and quite
stable for weak disorders. As expected, with increasing
disorder strength, the quantized plateau drops and even-
tually decreases to zero, indicates a phase transition from
a topological insulator to a Anderson insulator. This re-
sult shows the FTI phase in a Weyl-semimetal thin film
is robust again weak disorder. Interestingly, as shown in
Fig. 5(b), we find disorder can also trigger an adverse
topological transition. In the clean limit, the Bott in-
dex is zero as the system is topologically trivial. How-
ever, with increasing disorder strength, the Bott index
becomes finite and reaches a quantized value 1. The
plateau maintains for a certain range of disorder strength
and eventually decreases. The disappearance of the fluc-
tuation of the Bott index indicates that the quantized
value is originated from the topologically protected edge
states. Therefore, we identify this disorder and drive in-
duced phase as a FTAI phase.
We have also investigated the case of the system driven
FIG. 5. (Color online) The Bott index varies as a function
of the disorder strength U . (a), (b), (d), and (d) correspond
to the points B, C, E, and F shown in Fig. 3 and Fig. 4, re-
spectively. The error bars show the standard deviation of the
Bott index for 500 samples. The green lines in (b) and (d) are
the Chern numbers of the renormalized Floquet Hamiltonian
obtained by the Born approximation.
by elliptically polarized light, and the Bott index varies
as a function of the disorder strength U is shown in
Figs. 5(c) and 5(d), which correspond to points E and
F in Figs. 4(a) and 4(b). The findings are similar to the
case of the system driven by a periodic magnetic field,
that disorder can induce the transitions from topologi-
cally nontrivial phases to trivial phases [Fig. 5(c)] or vice
verse [Fig. 5(d)], except that the value of the quantized
plateau which characterizes the topologically nontrivial
phase is 2.
B. Born approximation
In order to gain more insights into these phase tran-
sitions at weak disorder, we analyze the truncated Flo-
quet Hamiltonian by use of the Born approximation54,57.
In the zero-order Born approximation, the self-energy is
given by
ΣZee(Lig) =
U2
12
( a
2π
)2 ∫
FBZ
dk‖
1
Ef −HFZee(Lig)
(
k‖
) ,
(8)
where HFZee(Lig)
(
k‖
)
is the truncated Floquet Hamilto-
nian of the system driven by a periodic magnetic field
(or elliptically polarized light). This approximation is
valid when the magnitude of Σ is much smaller than
Ef
93,94. The coefficient 1/12 originates from the vari-
ance
〈
U2
〉
= U2/12 of a random variable uniformly dis-
tributed in the range [−U/2, U/2]. This integration is
over the first Brillouin zone (FBZ). In the numerical cal-
7culation, we fix the Fermi level Ef = Ω/2 as we concen-
trate on the resonant quasienergy gap. By calculating the
Chern number of the renormalized Floquet Hamiltonian
H˜FZee(Lig)
(
k‖
)
= HFZee(Lig)
(
k‖
)
+ΣZee(Lig) as functions of
U , we obtain the curves shown in Figs. 5(b) and 5(d).
It is found that the results based on the Born approxi-
mation match well with the numerical calculations in the
weak disorder region. The disorder has a renormaliza-
tion effect on the quasienergies of the truncated Floquet
Hamiltonian, leading to the exotic FTAI phases.
V. CONCLUSION
In this paper, we firstly investigate the Floquet topo-
logical transitions in a Weyl-semimetal thin film under
the periodically driven fields. The effects of a periodic
magnetic field and elliptically polarized light are dis-
cussed, respectively. The topological phases are char-
acterized by the Chern number. The computation of the
Chern number indicates that both the two periodic drives
can resonantly induce the topological transitions from NI
phases to FTI phases. The Floquet topological transi-
tions can be explained by a combination of the quantum
well approximation and the rotating wave approximation.
Next, we investigate the effect of disorder in a periodi-
cally driven Weyl-semimetal thin film. Based on the nu-
merical results of the Bott index, it is shown that the
FTI phase is robust against weak disorder, while strong
disorder will lead to Anderson localization and induce
topological transitions from FTI phases to NI phases.
The computation of the Bott index also reveals another
role of disorder, and we observe a transition from a triv-
ial insulating phase to an FTI phase at a finite disorder
strength. Moreover, the result obtained by the effective-
medium theory based on the Born approximation also
confirms the occurring of the Floquet topological Ander-
son transition in a Weyl-semimetal thin film.
Though the studies above mentioned are concentrated
on the Weyl-semimetal thin films, we believe the FTI
and FTAI phases can also occur in the Dirac-semimetal
thin films, as the Dirac semimetal can be regarded as two
copies of Weyl semimetal with different chiralities. For
a Dirac-semimetal thin film, the system crosses over be-
tween normal insulators and quantum spin Hall insulator,
and respects the time-reversal symmetry75,76. Therefore,
we suppose the interplay between periodic drive, disor-
der and topology on a Dirac-semimetal thin film would
produce more new exotic quantum phenomena.
We expect the FTI and FTAI phases can be experimen-
tally realized in the TaAs family of Weyl semimetals95,
and the Dirac semimetal materials Cd3As2
96 and
Na3Bi
97. For example, for a Dirac semimetal Na3Bi
with thickness nz = 2.5 nm, the finite size gap is about
50 meV50,75,97. In our theoretical calculations, we choose
high driven frequencies to avoid the interferences from
the multiple-resonance effect as we concentrate on the
single-resonance process. While in experiments, the
frequency is just required to be larger than the finite
size gap ∆E of the undriven system, as the multiple-
resonance effects will be highly suppressed by adjusting
the driven intensities and frequencies21. To realize the
light driven FTI phase, we choose the photon energy to
be ~Ω ≈ 100 meV, the amplitude of linearly polarized
light to be AL ≈ 0.02 A˚
−1
. The corresponding electric
field strength E = ~ΩAL/e is about 2× 10
7 V/m, which
is within experimental accessibility17,18. In addition, the
periodic Zeeman field can be experimentally realized by
a THz oscillating magnetic field. The frequency of the
periodic electromagnetic-wave radiation reported ranges
from 1 THz to 10 THz83,84, and the corresponding energy
is from about 4 meV to 40 meV. On the other hand, the
finite size gap is highly controllable by varying the thin-
film thickness75 or using a vertical electric field76. For
example, the finite size gap in a Dirac semimetal Na3Bi
is about 15 meV when the thickness is nz = 5 nm, and
about 5 meV when nz = 10 nm
75. Thus, all of these
features offer the possibility of realizing our proposal on
a Weyl-semimetal thin film.
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